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Curie temperature ( T  C  = 1100 K) as well 
as possesses a magnetic ordering (which 
consists of a G-type based cycloid in the 
bulk) with a Néel temperature  T  N  ≈ 640 K, 
therefore rendering it a room-temperature 
multiferroic having a large spontaneous 
polarization (≈90 µC/cm 2 ). 

 However, BFO has several drawbacks, 
such as large coercive fi elds and high 
leakage currents, [ 15 ]  which can be detri-
mental for some applications. Such draw-
backs can be resolved by alloying BFO 
with RFeO 3  materials for which  R  is a 
rare-earth element. [ 15–18 ]  Doping BFO with 
rare-earth ion is also known to destroy 
the magnetic cycloid of BFO in favor of a 
G-type canted antiferromagnetic structure 
that allows for the linear magneto-electric 
effect to occur. [ 19,20 ]  

 Interestingly, recent investigations on 
the resulting (Bi 1− x  R  x  )FeO 3  solid solutions 

revealed striking behaviors. Examples include the modulated 
phases observed in the compositional range bridging the well-
known ferroelectric  R3c  state (for low  R  concentrations) and the 
well-determined antipolar  Pnma  phase (for higher  R  composi-
tions). Interestingly, the precise structure and atomic character-
istics of these bridging phases are not fully resolved. [ 15–18,21–23 ]  
In particular, the nature and role of oxygen octahedral tiltings 
and antipolar motions in these phases are subject to debate. 
Moreover, these bridging phases are further believed to be asso-
ciated with an enhancement of the piezoelectric responses, [ 16 ]   
whose precise origin remains to be confi rmed in our minds. 
For instance, is it due to the easiness to rotate the polarization 
in these bridging phases (as similar to the case of the morpho-
tropic phase boundary (MPB) of Pb(Zr,Ti)O 3 ), [ 24 ]  or rather to 
the coexistence of different domains involving these bridging 
phases (which would be consistent with previous works). [ 22,23 ]  
Another example of striking behaviors in (Bi 1− x  R  x  )FeO 3  is the 
strong decrease of the Curie temperature at which the  R3c  state 
disappears versus the weak dependency of the Néel tempera-
ture when increasing the  R  composition, which can therefore 
lead to the interesting possibility of  T  C  being equal to  T  N  (and 
thus to the optimization of magneto-electricity) for some con-
centration. Moreover, applying an electric fi eld in the  Pnma  
state of  R -doped BFO systems can lead to an antiferroelectric-
to-ferroelectric phase transition (since  Pnma  is antipolar in 
nature and is close in energy to the ferroelectric  R3c  state in 
these compounds) that has the potential to be utilized in anti-
ferroelectric capacitors and thus holds promise for energy 
storage devices. [ 25 ]  
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  1.     Introduction 

 Multiferroics form an important class of materials that pos-
sess coupled long-range-ordered electric and magnetic degrees 
of freedom. [ 1 ]  Such magneto-electric coupling is promising to 
design new devices taking advantage of the control of magnetic 
properties by the application of an electric fi eld; or conversely, 
of the magnetic-fi eld-induced change in electric properties. 
This explains why these fascinating systems have been expe-
riencing a huge regain in interest in the last ten years or 
so. [ 2–14 ]  The most studied multiferroic to date is bismuth fer-
rite (BiFeO 3  or BFO) because it exhibits ferroelectricity at a high 
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 An atomistic scheme that accurately mimics (Bi 1− x  R  x  )FeO 3  
solid solutions at fi nite temperature is therefore highly desir-
able in order to understand their unusual properties at a micro-
scopic level as well as to guide the design of effi cient devices. 
We are not aware that such scheme exists, likely due to the for-
midable challenge in treating well the fi nite-temperature and 
alloying effects on the subtle magnetic and structural proper-
ties of large supercells made of doped BFO compounds. 

 Here we demonstrate that it is possible to develop such 
scheme, and apply it to study fi nite-temperature properties of 
Bi 1− x  Nd  x  FeO 3  (BNFO) as representative of rare-earth-doped 
BFO systems (note that the choice of  R  = Nd is also motivated 
by the fact that numerous measurements have been conducted 
on this particular system, [ 16,17,26–28 ]  which will therefore allow 
us to ground our predictions). Remarkably, this scheme can 
1) reproduce very well observed properties, 2) resolve some 
aforementioned issues, and 3) even predict novel and useful 
features in this important material.  

  2.     Results and Discussion 

  2.1.     Development of the Numerical Scheme 

 Practically, we develop an effective Hamiltonian ( H  eff ) approach 
for BNFO systems. Its degrees of freedom are: 1) the local 
modes {  u    i  }, which are directly related to the local electric 
dipole centered at the cell  i . Note that {  u    i  } are associated with 
the lowest optical phonon branches, for example, it can corre-
spond to the Gamma point of the Brillouin zone, as in a R3c 
phase; the  X -point antipolar mode, as in a  Pnma  phase [ 29 ] ; or 
even more complicated phonons (being neither at the Brillouin 
zone center nor at the zone border) such as those inherent to 
nanotwins phases [ 29,30 ] ; 2) the homogeneous { η H  } and inho-
mogeneous { η I  } strain tensors; 3) the pseudo-vector { ω i  } 
that characterizes the oxygen octahedral tilting (also termed 
antiferrodistortive displacement, AFD) about the Fe site  i ; and 

4) the magnetic moment { m i  } of the Fe ion located at the site  i . 
Details about this  H  eff , including the analytical expression of its 
total energy, are provided in the Experimental Section. 

 Typical outputs of the simulations [ 30 ]  are the supercell aver-
ages of: 1) the local modes at the Γ and  X  points,  u  Γ  and  u X  , 
which are directly proportional to the electrical polarization and 
the antiferroelectric (AFE) vector associated with the  X -point 
of the cubic fi rst Brillouin zone, respectively; 2) the AFD vec-
tors at the  R  and  M -points,  ω   R   and  ω M  , which characterize the 
antiphase and in-phase tiltings of the oxygen octahedra, respec-
tively; and 3) the local magnetic moments at the  R -point,   L  , 
which represents the G-type antiferromagnetic (AFM) vector 
(note that we did not mimic any magnetic cycloid here because 
the incorporation of small amount of rare-earth atoms inside 
BFO is known to annihilate such latter magnetic structure in 
favor of a G-type AFM arrangement. [ 19,20 ]   

  2.2.     Temperature-Induced Phase Transitions 

 Let us fi rst report the predictions arising from the use of this 
newly developed  H  eff  for 5%-Nd-doped BFO, as an example. 
 Figure    1  a shows the variation of the supercell averages of the 
Cartesian components of the local modes and AFD distor-
tions, and magnitude of the AFM vector   L  , as a function of 
temperature for that system. Note that the  x -,  y -, and  z -axis 
are along the pseudo-cubic [100], [010] and [001] directions, 
respectively. Below 930 K, the structure is  R3c , which is char-
acterized by a polarization lying along the pseudo-cubic [111] 
direction ( = = ≠Γ Γ Γ 0, , ,u u ux y z ) and antiphase tilting of the 
oxygen octahedra about the same pseudo-cubic [111] direc-
tion (ω ω ω= = ≠ 0, , ,R x R y R z ), while the G-type antiferromag-
netic–to–paramagnetic transition occurs at  T  N  = 655 K (as 
determined by the infl exion point of L  in Figure  1 a (bottom 
panel)). Then BNFO with  x  = 0.05 undergoes transition(s) to 
complex phase(s) before transforming into the  Pnma  struc-
ture at ≈1370 K (note that the  Pnma  phase is characterized 
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 Figure 1.    Temperature-induced structural and magnetic phase transitions in disordered Bi 0.95 Nd 0.05 FeO 3  solid solutions. a) Temperature dependency 
of the supercell averages of the local modes,  u  Γ  and  u X  , characterizing ferroelectricity and antiferroelectricity, respectively (top), antiphase and in-phase 
oxygen octahedra tilting vectors,  ω  R  and  ω  M  (middle), and the magnitude of the G-type AFM vector in disordered Bi 0.95 Nd 0.05 FeO 3  solid solutions 
(bottom). b–f) Structures of the polymorphs appearing in a), viz., b) the low temperature ferroelectric  R3c  phase, c) the fi rst complex phase (c-1), 
d) the second complex phase (c-2), e) the third complex phase (c-3), and f) the AFE  Pnma  phase. The arrows on the Bi/Nd atoms denote the local 
dipole vectors with in-plane projection along [110] and [110] pseudo-cubic direction, respectively. The dark and light curled arrows illustrate the clock-
wise and counterclockwise tilting of the oxygen octahedra along a specifi c [001] line joining Fe atoms, respectively.
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by an antiferroelectric vector pointing along the pseudo-
cubic [110] direction, = ≠ 0, ,u uX x X y , antiphase tilting about 
the [110] direction, ω ω= ≠ 0, ,R x R y , and in-phase tilting about 
the  z -axis, ω ≠ 0,M z ). Several complex phases are predicted to 
exist in BNFO, all possessing an antiphase tilting about the 
[110] direction and differentiating themselves by the arrange-
ment of the oxygen octahedral tilting about the [001] axis. To 
characterize such arrangements, we consider a line joining Fe 
atoms (i.e., the centers of oxygen octahedra) along the [001] 
direction and denote by  p  and  m  oxygen octahedral tilting in 
clockwise and counterclockwise fashion, respectively, about 
the  z -axis in this line. For instance, we numerically found 
that three complex structures are present in Figure  1 a, which 
correspond to  mmppmpmppmmp  (between 930 and 960 K), 
 mmppmmmppmmp  (between 960 and 1220 K) and  mmmppp-
mmmppp  (between 1220 and 1320 K). Such structures are 
schematized in Figure  1 c-e, along with  R3c  and  Pnma  shown 
in Figure  1 b and  1 f, respectively. These three complex struc-
tures can be viewed as intermediate phases between  R3c  and 
 Pnma , which are associated with the  pmpm  . . . and  pppp  . . . (or, 
equivalently,  mmmm  . . .) organization of the oxygen octahedral 
tilting about [001] along the  z -axis, respectively (as consistent 
with their − − −a a a  and 

− − +a a c  Glazer notations, respec-
tively). [ 31 ]  It is worth noting that, as temperature increases, the 
appearing complex structures tend to possess longer series of 
in-phase tilting (note also that the existence of these complex 
tiltings naturally results in the formation of antipolar motions 
having a longer-than-usual period, which is associated with a 
k-point that is neither at the center nor at the border of the fi rst 
Brillouin zone, as demonstrated elsewhere. [ 29 ]  Their occurrence 
implies that these nanotwin phases can be thermodynamically 
(meta)stable and form a family of phases with internal energies 
ranging between those of  R3c  and  Pnma  for some Nd composi-
tions (comparison of total energies versus composition will be 
shown later on). They also provide a transition path that pos-
sibly involves lower barriers from  R3c  to  Pnma , as compared 
to the direct transition between these two states. Figure  1 a fur-
ther shows that the  Pnma  phase is predicted to exist over a very 
narrow temperature range (e.g., 1350–1370 K for  x  = 0.05), and 
further heating leads the system to the paraelectric cubic phase 
(note that melting may occur in reality, before the  Pnma  or 
 cubic  phase appears, which is not considered in the simulation). 

    2.3.     Compositional Dependency of the Critical Temperatures 

 Let us now vary the composition of disordered Bi 1− x  Nd  x  FeO 3 . 
 Figure    2   shows that the predicted  T  N  Néel temperature is rather 
insensitive to the substitution of Bi by Nd ions and the varia-
tion of the Nd composition up to  x  ≈ 0.1625, as consistent with 
measurements. [ 17,26 ]  In fact, the effect of a (small) substitution 
of Bi by Nd ions is clearly noticeable in the very fast decrease of 
the transition temperature  T  C  from  R3c  to the fi rst appearing 
complex phase when increasing the  x  composition, in rather 
good agreement with previous observations. [ 17,26,27 ]  Such dif-
ferent variation of  T  N  and  T  C  with the Nd concentration auto-
matically implies that there is a composition for which  T  C  and 
 T  N  should be equal to each other, which is of high relevance for 
optimizing magneto-electric responses. [ 32 ]  

  Note that, in the compositional range for which  R3c  is found 
to be experimentally stable from room temperature to ≈700 K 
(that is,  x  lower than ≈ 0.15), [ 17 ]  our calculated  T  C  and  T  N  are 
in quantitative agreement with measured values. In particular, 
our predicted critical composition and temperature when  T  C  
≈ T  N , namely  x  ≈ 0.1625 and ≈ 640 K, are rather consistent with 
those that can be extracted from measurements, for example, 
 x  ≈ 0.13 and ≈720 K, [ 17 ]  and  x  ≈ 0.13 and ≈ 680 K [ 26 ]  (as one 
can guess from Figure  2 , these latter experimental values are 
only “interpolated” data because of the diffi culty in growing 
different samples with small change in composition). Note, 
however, that the predictions depicted in Figure  1 , 2  result 
from starting the simulations from 10 K adopting a  R3c  phase 
(that can be easily stabilized by the application of a small elec-
tric fi eld along the [111] axis) and progressively heating up the 
BNFO solid solutions.  

  2.4.     The Effect of Composition on the Ground State 

 In order to have an idea of what phase is the real ground state 
for different compositions,  Figure    3   reports the total energies 
(calculated at 10 K) for four different states, as a function of 
composition. These states are  R3c ,  Pnma  and two interme-
diate complex phases (to be denoted by “Complex 1” ( mmppm-
mmppmmp ) and “Complex 2” ( mmmpppmmmppp ), as shown in 
Figure  1 c,d, respectively) being representative of the family of 
nanotwins. With an increasing Nd content  x , the ground state 
changes from  R3c  to complex phase(s), and eventually to the 
 Pnma  phase at around  x  ≈ 0.34. The appearance of the complex 
phases for  x  ranging between 0.06 and 0.34 provides a solution 
to the intermediate phase(s) experimentally observed in some 
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 Figure 2.    Dependencies of the critical temperatures with composition 
in disordered Bi 1− x  Nd  x  FeO 3  solid solutions. The dark and light lines 
represent the predicted  T  C  and  T  N , respectively. “expt. 1”, “expt. 2” and 
“expt. 3” refer to the experimental data of other studies. [ 17,26,27 ] 
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compositional window being in-between the region of stabilities 
of the  R3c  and  Pnma  ground-states. [ 16,17,21,22 ]  Interestingly, elec-
tron diffraction experiment [ 28 ]  suggested that such intermediate 
phase may possess an − − + − − −( ) /( )a a c a a c  tilting pattern, which 
corresponds to a  ppmm  arrangement of the oxygen octahedral 
tiltings about [001] along the  z -axis and which thus belongs to 
the family of our predicted complex nanotwins. 

  Moreover, our complex nanotwins also present some 
antipolar organization (as evidenced by, e.g., the small but 
nonzero  u X   depicted in Figure  1 a, which is consistent with 
the report of antipolar motions from observed diffraction pat-
terns. [ 16,28 ]  Our prediction that nanotwins can appear in the 
phase diagram of (Bi,R)FeO 3  is, in fact, in-line with the exper-
imental observation that doped BiFeO 3  materials, such as 
R-doped and Ca-doped BiFeO 3 , can exhibit nanophasic struc-
tures, modulated phases, twin domains and incommensurate 
modulations. [ 21–23,33 ]  It is also worthwhile to notice that our 
model does not require the need to invoke rather complex 
phenomena (such as fl exoelectricity) to explain intermediate 
phases in Bi 1− x  Nd  x  FeO 3  for some compositional range. [ 23 ]  

 Note, however, that determination of the precise tilting 
arrangement of the intermediate nanotwins, as well as their 
precise compositional range of stability, in Bi 1− x  Nd  x  FeO 3  is 
a rather diffi cult challenge for simulations. This is because 
energy differences between simple phases in pure BFO are 
already strongly dependent on the functionals used in the ab 
initio computations [ 34 ]  and because we numerically found that 
many different nanotwins can be stable and possess similar 
energies in Bi 1− x  Nd  x  FeO 3  (which is also consistent with the 
diffi culty encountered by experimentalists in determining 
the exact structure of the intermediate phase(s)). Interestingly, 
the existence of complex antipolar motions and oxygen octahe-
dral tiltings in these nanotwins, as well as the fact that several of 
these modulated phases have similar energies, should give rise 
to striking features in experiments. Examples include superla-
ttice diffraction refl ections, characteristic Raman spectra and 
the possibility that the X-ray diffraction spectra (position and 
broadening of the peaks) varies in time, as similar to the case 
of EuTiO 3  that is also known to possess a family of nanotwins 
having low-energy. [ 35–37 ]  

 Furthermore, extrapolating the experimental temperature-
versus-composition phase diagram of Bi 1− x  Nd  x  FeO 3  [ 17 ]  leads to 
the transition from an intermediate (complex) phase to  Pnma  
for a composition of around 0.30 at low temperature. This is 
in excellent agreement with the critical composition of 0.34 
revealed by Figure  3  for 10 K, which therefore attests the accu-
racy of our presently developed effective Hamiltonian for mim-
icking the rather challenging rare-earth-doped BFO materials. 

 We also numerically found that the  R3c  phase can be 
quenched to low and intermediate temperatures via, for 
example, the application of an electric fi eld. Such quenching 
will allow to check the predictions of Figure  2  that, for composi-
tions close to 16%,  R3c  will not only structurally transform into 
a complex phase but will also undergo an antiferromagnetic–to-
paramagnetic transition, for temperatures close to 640 K.  

  2.5.     Control of the Magnetization with an Electric Field 

 Note that  Pnma  can also be stabilized at any temperature below, 
for instance, 1000 K, for the critical composition  x  = 0.1625, 
since the internal energy of such phase is already close to those 
of the nanotwins ground states at 10 K and increasing the tem-
perature favors  Pnma  over complex phases (as evidenced by 
Figure  1  and as consistent with the fact that experiments [ 16,17 ]  
did fi nd  Pnma  phases above ≈600 K for compositions close to 
13–17%). 

 Let us thus investigate a  Pnma  phase for a composition of 
16.25% at a temperature of 700 K, that is above the Néel tem-
perature, and consider two different cases corresponding to an 
electric fi eld,   E  , oriented along two different directions: a fi rst 
one along the pseudo-cubic [111] direction versus a second one 
being parallel to the [111] pseudo-cubic direction. Note that the 
 Pnma  phase has an AFE vector associated with the  X -point of 
the fi rst Brillouin zone,  u X  , that lies along the pseudo-cubic 
[110] direction, implying that the in-plane component of the 
electric fi eld is parallel to (respectively, perpendicular to)  u X   in 
the fi rst (respectively, second) case. The results for the fi rst and 
second situations are shown in  Figure    4  a and  4 b, respectively. 

  The top panel of Figure  4 a reveals that applying   E   along 
[111] and increasing its magnitude fi rst generates a weak 
polarization along the direction of the electric fi eld that is 
linear in the strength of   E  , as typical of AFE systems. [ 38 ]  Then, 
Bi 0.8375 Nd 0.1625 FeO 3  transforms into an intermediate phase 
(for which the tilting arrangement about the [001] direction is 
numerically found to be  mppmmppmpppm ) at 7.1 × 10 8  V/m, 
followed by the transition to the ferroelectric  R3c  state at 
10.4 × 10 8  V/m. So, once again, the transition from  Pnma  to  R3c  
requires the mediation of a nanotwin phase in BNFO systems. 
What is further remarkable is that this electric-induced path 
is accompanied by jumps of the magnitude of the AFM vector 
from a weak (statistically negligible) value in the  Pnma  phase 
to a large value above 2.3  µ  B  in the  R3c  state, via intermediate 
values ranging between 1.2 and 1.4  µ  B  in the nanotwin—see 
middle panel of Figure  4 a. In other words, a remarkable mag-
neto-electric effect consisting of the occurrence of magnetic 
ordering via the application of an electric fi eld is discovered 
here (note that we also numerically found (not shown here) that 
the formation of this AFM is accompanied by the occurrence of 
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 Figure 3.    The equilibrium stability of the polymorphs as a function of 
composition at 10 K. Total internal energies per 5-atom unit cell are cal-
culated for  R3c ,  Pnma  and two intermediate complex phases (denoted as 
“Complex 1” ( mmppmmmppmmp , long-dashed line) and “Complex 2” 
( mmmpppmmmppp , short-dashed line)).
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a weak magnetization—as consistent with the spin-canted AFM 
structure known to exist in pure BFO. [ 39 ]  

 Such useful effect originates from the fact that the  R3c  
state is naturally antiferromagnetic below 640 K for the com-
position  x  = 0.1625 (cf. Figure  2 ), and that an electric fi eld of 
10.4 × 10 8  V/m applied to  Pnma  is able to make the  R3c  state 
appear at 700 K since  Pnma  and  R3c  are rather close in energy 
for this composition (see Figure  3 ). Interestingly, this latter 
critical fi eld is of the same order than the one recently experi-
mentally applied to BFO fi lms, that is 10 9  V/m. [ 40 ]  Moreover, 
the  H  eff  approach has been shown to typically overestimate 
critical electric fi elds of BFO-related materials by a factor of 
25, [ 41,42 ]  due to the fact that the calculations consider defect-
free systems while grown samples unavoidably possess defects 
that act as low-energy nucleation centers. [ 43 ]  As a result, it 
should be experimentally feasible to check our predictions 
summarized in Figure  4 a. 

 Regarding the second situation (  E   along [111]), Figure  4 b 
shows that Bi 0.8375 Nd 0.1625 FeO 3  directly and abruptly transforms 
from the fi eld-deformed (paramagnetic)  Pnma  phase to the 
(antiferromagnetic)  R3c  state, that is without the need of any 
intervening intermediate structure, at a higher critical fi eld of 
16.5 × 10 8  V/m. Such differences in electric-fi eld-driven struc-
tural path between Figure  4 a,b imply that the orientation of 
the applied electric fi eld with respect to the AFE vector has a 
large effect on physical properties, and should be considered 
when, for example, designing energy-related devices. It is also 
interesting to realize that the bottom panels of Figure  4 a,b dem-
onstrate that the piezoelectric coeffi cient  d  33  is rather small in 
the two cases (less than 20 pm/V). Such fact implies that the 

experimentally observed enhancement of  d  33  at the morpho-
tropic phase boundary of BRFO systems [ 16 ]  is not due to the 
structural transition from a pure  Pnma  state to a pure  R3c  but 
rather originates from a feature that is not presently considered 
in the computations. As consistent with other studies, [ 16,21–23 ]  
such feature is likely the coexistence of several phases (likely 
in the form of domains), [ 44 ]  whose relative occupation frac-
tions depend on the magnitude of the electric fi eld. Note that 
such coexistence is consistent with the fact that we numerically 
found (e.g., in Figure  1,3 ,  4 ) several stable phases having close 
energies and with previous fi rst-principles calculations showing 
that competing and energetically degenerate phases exist in 
 R -doped BFO materials. [ 45 ]  

 Note also that the fact that we propose that the piezoelectric 
response of BRFO can only be enhanced if several phases coexist 
contrasts with the case of Pb(Zr 1- x  Ti  x  ) O 3  (PZT) solid solutions 
for which the piezoelectric response can already be large in a 
single pure phase because of the easiness of rotating the polari-
zation in this phase. [ 24 ]  Such comparison implies that the MPB 
of BRFO and PZT differ in nature: one can think of the MPB 
of BRFO as being discontinuous (as consistent with the abrupt 
fi rst-order structural changes seen in Figure  4  and as similar to 
the case of Bi(Co,Fe)O 3  materials) [ 46 ]  while the MPB of PZT can 
be rather considered to be continuous and second-order-like.   

  3.     Conclusions 

 It is important to realize (see the Experimental Section) 
that the main idea behind the development of the proposed 
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 Figure 4.    Electric-fi eld induced structural and magnetic transitions in disordered Bi 0.8375 Nd 0.1625 FeO 3  solid solutions at 700 K. a,b) Electric-fi eld depend-
ency of: the supercell averages of the local modes,  u  Γ  and  u X  , characterizing ferroelectricity and anti-ferroelectricity, respectively (top); the magnitude of 
the G-type AFM vector (middle); and piezoelectric coeffi cient  d  33  (bottom). a) Electric fi eld applied along the pseudo-cubic [111] direction; b) Electric 
fi eld oriented along the pseudo-cubic 111⎡⎣ ⎤⎦  direction.
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effective Hamiltonian is the effect of chemical pressure arising 
from the difference in ionic radii between the rare-earth ele-
ment and Bi 3+  (and of the lone pair of Bi that makes it more 
chemically active than  R  ions), on properties of BNFO. As a 
result, our approach should also be applicable to other BRFO 
systems, by simply considering the appropriate rare-earth 
ionic radius in the  η  Ioc  quantity defi ned in the Experimental 
Section. In fact, we did try such approach for Bi 1− x  Sm  x  FeO 3  
and Bi 1− x  Gd  x  FeO 3  (see Supporting Information for details), 
and were able to qualitatively reproduce the compositional 
dependency of the critical temperature  T  C  experimentally 
found for these systems. [ 27 ]  In particular, it is interesting to 
point out that, for a fi xed  R  composition,  T  C  decreases, while 
 T  N  increases, when decreasing the ionic radius of the rare-
earth element. Such dependencies on the ionic radius provide 
an additional handle to control the structural, electric and 
magnetic properties of (Bi 1− x  R  x  )FeO 3  systems. We are thus 
confi dent that the present development of an effective Hamil-
tonian approach to treat rare-earth-doped BFO leads to a better 
understanding of the unusual fi nite-temperature properties 
of these fascinating solid solutions, such as resolving the 
precise nature and atomic characteristics of the intermediate 
phases experimentally found in some compositional range 
(see Figure  3 ) and confi rming that, unlike PZT, coexistence of 
several phases (via domains) is needed to have a large piezoe-
lectric response. [ 16,21–23 ]  We also hope that all our striking pre-
dictions—including the occurrence of a critical (temperature, 
composition) point for which electrical and magnetic critical 
temperatures meet (see Figure  2 ), and the electric-fi eld driven 
appearance of magnetic ordering (see Figure  4 )—will all be 
experimentally checked soon.  

  4. Experimental     Section 
  Effective Hamiltonian : As indicated above, we developed an effective 

Hamiltonian ( H  eff ) approach for BNFO systems having the following 
degrees of freedom: 1) the local mode {  u i   } centered on the A site  i  (i.e., 
on Bi or Nd ions), which are directly related to the local electric dipole 
centered at the cell  i ; 2) the homogeneous { η H  } and inhomogeneous 
{ η I  } strain tensors; 3) the pseudo-vector { ω i  } that characterizes the 
oxygen octahedral tilting about the Fe site  i ; and 4) the magnetic 
moment { m i  } of the Fe ion located at the site  i . σ  j   (0 or +1) is also 
introduced to account for the presence of a Bi or Nd ion at the A-lattice 
site  j , respectively. We also defi ne a local quantity  η  Ioc ( i ) centered on 

the Fe-site  i  as ∑η δ σ( ) =
8loc
ionici

R
j

j

, where the sum over  j  runs over 

the eight A nearest neighbors of eight Fe-site  i  and  δR  ionic  represents 
the relative difference in ionic radius between Nd and Bi ions.  η Ioc  ( i ) is 
therefore different from zero only if at least one of these eight A sites 
are occupied by the Nd ions, that is, it vanishes for pure BFO. The total 
energy of this  H  eff  has two main terms:
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 where  E  BFO  is the effective Hamiltonian of pure BFO that has been 
developed and detailed in previous works. [ 30,39,47,48 ]  On the other 
hand,  E  alloy  characterizes the effect of substituting some Bi by Nd 
ions on physical properties, and is proposed to have the following 
expression:
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 where the sum over  i  runs over all the Fe-sites. The sums over  j  and  k  run 
over the eight A nearest neighbors and over the six Fe nearest neighbors 
of the Fe-site  i , respectively.  α  and  β  denotes Cartesian components, 
with the  x -,  y -, and  z -axis being along the pseudo-cubic [100], [010], and 
[001] directions, respectively. The fact that  E  alloy  is directly proportional 
to  η  Ioc ( i ) implies that, as consistent with ref.  [ 16 ] , the main assumption 
of this  H  eff  is that properties of rare-earth-doped systems can be 
understood by the so-called chemical pressure, that is the ionic radius of 
the  R  element, in general, and its difference with that of Bi, in particular. 
Δ κ u   (respectively, Δ κ ω   ) quantifi es how this chemical pressure affect the 
harmonic energy of the local modes (respectively, AFD motions). Note 
also the fact that  R  ions are less chemically active than Bi ions, due to 
their lack of lone pair, is also refl ected in the value of Δ κ u  . Moreover, 
Δ J ik,αβ   characterizes how the effect of oxygen-octahedral-tiltings on 
magnetic exchange interactions varies when substituting Bi by Nd ions 
(note that oxygen octahedral tilting are known to play a signifi cant role 
on magnetic properties of perovskites possessing rare-earth ions. [ 49–51 ]  
Finally, Δ αβ

′
,Dij  quantifi es how the trilinear coupling between  ω i,α  , 

 ω i,β   and  u j,α   (which, e.g., induce antipolar motions of the A atoms in 
a  Pnma  phase [ 29,30 ]  is altered by the presence of Nd ions. Note also 
that this latter alteration is directly responsible for the so-called hybrid 
improper ferroelectricity. [ 52–54 ]  Practically, Δ κ ω   and Δ αβ

′
,Dij  are extracted 

by performing fi rst-principles calculations on small supercells. Δ κ u   
is also initially obtained by conducting ab initio simulations but is 
then allowed to vary in order to reproduce the experimental critical  T  C  
temperature of ≈790 K measured in BNFO disordered systems for a 
Nd composition ≈10%. [ 26,27 ]  Such variation can be justifi ed by realizing 
that different functionals used in density functional calculations can 
yield rather different energetic differences between various polar and 
antipolar states, [ 34 ]  which demonstrates the challenge in accurately 
mimicking properties of BFO and related materials. Finally, Δ J ik   ,   αβ   is 
determined by imposing that the Néel temperature of Bi 0.9 Nd 0.1 FeO 3  
is close to the one measured elsewhere, [ 26,27 ]  that is around 640-670 K. 
The total energy given in Equation  1   is then used in Monte-Carlo (MC) 
simulations. Disordered Bi 1− x  Nd  x  FeO 3  solid solutions are simulated 
with a 12 × 12 × 12 supercell (thus containing 8640 atoms), in which 
a random distribution of Nd atoms is used to generate the alloy 
structure according to the composition  x . Most calculations adopted 
20 000 MC sweeps for equilibration and an additional 20 000 MC 
sweeps for calculation of the statistical thermal averages, whereas up 
to 80 000 MC sweeps were used for equilibration in some critical points 
(where phase transition occurs) to ensure converged results. Note that 
the MC simulations naturally result in phases that are dynamically stable 
because the degrees of freedom of the effective Hamiltonian are allowed 
to change within these simulations.  
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